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Abstract The fractal dimension of large-scale galaxy clustering has been demonstrated to be roughly DF ∼ 2
from a wide range of redshift surveys. This statistic is of interest for two main reasons: fractal scaling is an implicit
representation of information content, and also the value itself is a geometric signature of area. It is proposed that the
fractal distribution of galaxies may thus be interpreted as a signature of holography (“fractal holography”), providing
more support for current theories of holographic cosmologies. Implications for entropy bounds are addressed. In
particular, because of spatial scale invariance in the matter distribution, it is shown that violations of the spherical
entropy bound can be removed. This holographic condition instead becomes a rigid constraint on the nature of the
matter density and distribution in the Universe. Inclusion of a dark matter distribution is also discussed, based on
theoretical considerations of possible universal CDM density profiles.
PACS: 98.80.Jk, 98.62.Py
1 Introduction
The popular notions of fractals revolve around spa-
tial power law scaling, physical self-similarity, and
structural recursiveness [1]. Mathematically, this re-
lationship assumes the general form
N(r) ∼ rDF . (1)
where DF is the fractal dimension and r is the scale
measure. The quantity N(r) represents the charac-
teristic of the distribution that exhibits the fractal
behavior. Measurement of fractal statistics for a wide
range of physical phenomena has been addressed over
the years, ranging from the shape of coastlines to the
structure of clouds, and pertinent to this paper, the
large scale distribution of visible matter in the Uni-
verse [2].
It should be emphasized that the meaning of the
fractal dimension is not only statistical, but it also
has geometric significance. Topological considera-
tions constrain the fractal dimension of a distribution
to be less than (or equal) to that of the space in which
the structure is embedded [3]. Furthermore, when a
fractal dimension coincides with an integer dimen-
sion, it is possible to make the association between
the structure under consideration and the geometry
associated with the dimension. That is, a distribu-
tion with fractal dimension of DF = 0 is described
as a point distribution, DF = 1 a linear distribution,
DF = 2 a surface distribution, and DF = 3 a volu-
metric or space-filling distribution.
The following paper will review the current obser-
vation evidence for a fractally-distributed large scale
structure of galaxies, and will highlight the impor-
tance of interpreting the fractal dimension in terms
of geometric considerations. This re-interpretation is
particularly amenable to the various formulations of
the holographic principle [4] and recent conjectures of
a similar principle on cosmological scales [5, 6, 7, 8, 9].
It is suggested that the fractal structure may be a di-
rect reflection of holographic entropy constraints on
visible matter. Furthermore, if the observed inhomo-
geneity of the local Universe is taken into account,
the cosmological holographic bound becomes a truly
scale-invariant constraint on the distribution. The
necessary inclusion of dark matter distributions, and
its impact on entropy bounds, is also addressed.
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2 Large scale structure in the
Universe
A hierarchically-structured Universe is a recurrent
theme in our understanding of Nature. Since at
least the early sky maps of Charlier [10], it has been
suggested that galaxies do not cluster in a random
fashion, but rather appear in clumps interspersed by
voids. This hypothesis was echoed by deVaucouleurs
[12], who formulated a cosmological “density-radius”
relationship. In the early 1980s, Peebles identified
a definite scale-invariant behavior in the galaxy
correlation function [2], giving an exponent γ ∼ 1.7,
the co-dimension of which was taken to be the
“fractal” dimension, D = 3− γ ∼ 1.31.
The advent of deep sky redshift surveys brought
with it a surge interest surrounding the exact na-
ture of large-scale galaxy distributions in the ob-
servable Universe. These surveys include the Cen-
ter for Astrophysics (CfA1, CfA2; [13]), the South-
ern Sky Redshift Survey (SSRS1, SSRS2; [14]), the
Las Campan˜as Redshift Survey [15], the Infrared As-
tronomical Survey (IRAS, [16]), the Lyon-Meudon
Extragalactic Database (LEDA, [17]), the Perseus-
Pisces Survey, and the ESO Slice Project (ESP, [18]).
Most recently massive data from the deep redshift
1.5 million body catalog Sloan Digital Sky Survey
(SDSS) has solidified the case for fractal large scale
structuring and isolation of cosmological parameters
(see [19]).
An overwhelming number of independent estimates
of the galaxy clustering fractal dimension, obtained
from a variety of sources seem to unanimously suggest
that this statistic has a value of or around DF = 2.
Up to the release of the SDSS data, the various
redshift surveys had probed depths up to at least
1The mismatch of this statistic with the observed DF = 2
fractal dimension stems from the fact that the correlation di-
mension is the q = 2 multifractal dimension (D2), which is
different from D0 in the case of a multifractal cluster. Fur-
thermore, many such estimates stem from data constraints
imposed by volume-limited sample spaces and/or luminosity
biasing on the correlation functions (see the discussion in [11]).
It should also be noted that fractal estimation tools such as
the conditional density measure do not reflect this biasing, but
are quite robust in their predictions.
Survey DF Approx. Size
CfA1 1.7 (0.2) 1800
CfA2 ∼ 2 11000
SSRS1 2.0 (0.1) 1700
SSRS2 ∼ 2 3600
LEDA 2.1 (0.2) 75000
IRAS 1.2/2 Jy 2.2 (0.2) 5000
Perseus-Pisces ∼ 2.1 3300
ESP 1.8 (0.2) 3600
Las Campan˜as (LCRS) 2.2 (0.2) 25000
SDSS (r1) ∼ 2 2× 105 − 1.5× 106
Table 1: Galaxy fractal dimension calcula-
tions for various redshift surveys (compiled from
[20],[21],[22],[23]).
10h−1 Mpc and confirmed the fractal scaling behav-
ior. Extrapolating the analysis to include superclus-
tering structure suggested this behavior continued
well up to 100−1000 h−1 Mpc [20], with no apparent
transition to homogeneity.
The newest SDSS redshift data confirms the DF ∼
2 to a high precision up to 20h−1 Mpc, but with the
correlation weakening to homogeneity at distances of
70h−1 Mpc. Alternate analyses suggest that the tran-
sition to homogeneity is not observed, but instead the
fractal scaling continues up to 200h−1 Mpc [23]. The
authors of Reference [22] perform a two-dimension
multifractal analysis on SDSS projected data, deduc-
ing that the appropriate scaling is confirmed to di-
mensions Dq ∈ (1.7, 2.2) for all positive and negative
q.
On the whole, this observational data suggests a
(local) violation of the cosmological principle. Geo-
metrically speaking, a homogeneous visible Universe
should manifest itself as an N(r) ∼ r3 distribution.
In terms of the fractal dimension, this is a volumetric
scaling with a dimension DF = 3, synonymous with
the lack of any preferential direction. The origins of
the observed large scale structure in the Universe are
unknown, although it is commonly believed that it
has arisen from anisotropically-distributed quantum
fluctuations in the pre-inflation epoch. The recent
analysis of the SDSS data [24] coupled with emerging
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CMB data from WMAP [25] data has helped to iso-
late probable cosmological parameters to determine
viability of formation models.
A number of theoretical solutions have been offered
for such inhomogeneous structure. The results of
CDM N-body gravitational collapse simulations pro-
duce fractal clustering behavior in the appropriate
range [26, 27, 28, 29]. These are of particular interest
due to their natural connection to hierarchical clus-
tering growth from small initial mass/density pertur-
bations in the early Universe. Ribeiro [30, 31, 32, 33]
discusses a recursive cosmological model is proposed,
based on Tolman solutions with FRW dust solutions
and integrating local density distributions along the
past light cone to calculate the observed fractal di-
mensions. For a variety of classes of solutions, the
author finds fractal dimensions whose fractal dimen-
sions can be as large as DF = 1.7. Similar work is
reported in References [34] in a perturbed Einstein-
deSitter cosmology.
An “apparent fractal conjecture” is also proposed
by Ribeiro [35] which addresses statistical analy-
sis techniques and their relation to the notion of
a fractally-distributed Universe. Reference [36] dis-
cusses the impact of radial coordinate choice on de-
termination of cosmological fractal dimensions. A re-
cursive Swiss Cheese model which matches spherical
dust regions to FRW vacuum is shown to produce a
multifractal spectrum with dimensions {Dq} ranging
between 2− 2.4 [37].
Is it possible that there is an entirely different ex-
planation for this observed structure, furthermore
one which can be explained by adopting a new per-
spective on how matter and gravitation are allowed
to behave? Recent theory does in fact suggest that
there is such a candidate, and this will be the focus
of the remaining discussion. This paper does not at-
tempt to offer a potential mechanism for such large
scale structure formation, but instead is aimed to re-
assess the motivations for why the structure possesses
its particular form. This is achieved by interpreting
the data in light of the holographic principle.
3 Information content and frac-
tal structure
Fractal growth is generally not associated with equi-
librium growth, and thus most models of large scale
structure evolution do not predict its existence. How-
ever, as the aforementioned evidence undeniably sug-
gests, there is a definite fractal distribution of matter
in the Universe. The use of entropy to represent frac-
tal structure stems from the implicit relation between
entropy and information (this is discussed in the con-
cluding section of this paper). Fractal – and moreover
multifractal – statistics quantify the nature in which
information is encoded or distributed in a system. It
is the intention of this paper to highlight this connec-
tion between information, entropy, and fractality.
It should be noted that fractals themselves are
members of a fundamental class of statistical ob-
ject whose basis lies in the heart of information
theory. A q-multifractal is defined by the mea-
sure partition Z(q, r) =
∑
i[pi(r)]







dlog[r] . where q is any inte-
ger and pi is the local spatial density of the frac-
tal object within a sphere of radius r [3]. The tra-
ditional fractal dimension is obtained in the limit
q = 0, but when q → 1 this quantity becomes
I(r) = −∑i pi(r) log pi(r) , D1 = d log I(r)d log r . The
function I(r) is the Shannon information entropy
[41]. In the case of a monofractal distribution, all
dimensions Dq collapse to the single value D0, which
is the fractal dimension. In this respect, the frac-
tal dimension may be seen as a representation of a
system’s entropy measure and content.
4 Information theory and the
holographic principle
Information content and entropy have entered the
area of the long-standing dichotomy between classical
and quantum gravity. In early works by Beckenstein
[39] it was suggested that the maximum entropy con-
tained within a black hole was determined not by
its volume, but rather the horizon area AH . This
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limit, known as the Beckenstein bound, placed strin-
gent constraints on how information could distribute
itself within a region of space. It was further gener-
alized as the spherical entropy bound,
S(V ) ≤ A
4
(2)
where S(V ) is the entropy contained in a volume of
space V , andA is the area of the (spacelike) boundary
of V (in units of the Planck area).
Bousso has shown that each of these entropy
bounds can be understood as classes of a more gen-
eral theory known as the holographic principle (HP)
[4]. An unproven hypothesis, the HP suggests that
there exists a deeper geometric origin for the total
number of possible quantum states which can occupy
a spatial region. In its most general formulation, the
HP states that S(B) ≤ ∂B/4, where B is some re-
gion, ∂B its boundary, and S(B) the entropy con-
tained in B. Although most instances are subject to
specific failures, the most radical formulation of the
HP – Bousso’s Covariant Entropy Conjecture – pro-
poses that the entropy bounded by a regionB defined
by the light sheets of a backward-pointing null cone
obeys a holographic-type relationship. The various
entropy bounds which form the holographic princi-
ple place rigid constraints on the number of possible
entropy states which can occupy a region of space [4].
The HP is novel in its motivations: the physics of
a spatial n-dimensional region are defined by dynam-
ical systems which exist exclusive on the region’s (n-
1)-dimensional boundary. The most promising sup-
port of this theory is the AdS/CFT correspondence
[40], which explicitly connects via a one-to-one cor-
respondence the framework of a 5D string theory in
anti-deSitter space with a conformal quantum field
theory on the 4D boundary.
5 Cosmology and holography
Fischler et al. [5, 6, 7, 8] have proposed an extensive
cosmological version of the theory, primarily based in
part on the spherical entropy bound. Dubbed “Holo-
graphic Cosmology”, the framework presents an al-
ternate inflationary evolutionary model for large scale
structure, which not only matches current observa-
tion but also explains the flatness and horizon prob-
lems. A similar proposal based on the original work
of Susskind and Fischler is discussed in [38], which
proposes a “cosmic holography” bound in FRW uni-
verses of positive, flat, and negative curvature. Fur-
ther comparisons and contrasts between holography
and cosmology are offered in [9], in which constraints
from inflation are the focus. Similarly, the authors of
[44] also show that power spectrum correlations and
suppression in the CMB may by holographic in ori-
gin. References [45] discuss holographic implications
for (2+1)-dimensional cosmological models.
As derived in [5], assuming a homogeneous and
isotropic Universe with constant mean density, it is
possible to define a (co-moving) entropy density σ







which can be written S = σV , where σ is the (vol-
umetric) entropy density. The entropy condition is
thus
σV ≤ A(V )
4
, (4)
where A(V ) = 4pir2 is the bounding area of the vol-
ume V (in flat space). Including the r-dependence,





and so it can easily be shown [4] that the spacelike
entropy bound is violated for sufficiently large values
of r > 3/4σ.
6 A fractal connection to
holography?
The work presented herein is similar in inspiration to
that of Fischler et al., and like those referenced works
promotes the notion that holography should be a vi-
able candidate for a constraint of structure evolution.
Furthermore, it is understood that the holographic
constraint applies strictly to visible matter. Since it
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is somewhat different from the previous cosmological
holographies proposed in the literature, it might be
appropriate to label this version as “fractal hologra-
phy”.
It is the different spatial dependences of area and
volume that allows the inequality (4) to be violated.
With respect to Equation 1, however, one can refor-
mulate the “problem” of large scale fractal clustering
by focusing not on the apparent break from homo-
geneity and isotropic scaling, but rather by highlight-
ing the specific geometry of the scaling. Since the
redshift surveys cited in Table 1 indicate that large-
scale matter is distributed according to a DF = 2
scaling, it seems more appropriate to describe the
entropic content by the mean “surface” entropy den-
sity ξ. That is, each object contributes an average
entropy S(V )/N and there are N ∼ rDF objects.
It should be noted that the fractal power laws are
derived from average density considerations, so such
an argument is certainly well-founded. Fractal large
scale structure thus states that within a sphere of ra-
dius r, the number of cosmological objects is a func-
tion of area (r2).
Thus, within a spherical volume of radius r, the
number of galaxies N(r) must be proportional to the
surface area of the region’s boundary,
N(r) ∝ ∂V (r) = A(r) , (6)
so that the entropy contained with a region V is
S(V ) = αξA , (7)
where α > 0 is the proportionality constant. The
above relation suggests that the distribution of mat-
ter in the Universe has perhaps a more fundamental
and geometric origin.
In this case, a holographic-type space-like entropy
bound is precisely given as
S(V ) = ξ′A ≤ A
4
, (8)
where for simplicity the proportionality constant has
been absorbed into the surface density term, ξ′ = αξ.
Due to the A ∼ r2 dependence of each component of
this inequality, the spatial dependence vanishes and
what is left is a truly scale-invariant bound. Specif-
ically, the violation of the space-like entropy bound
is eliminated, and instead is replaced by rigid con-
straints on the surface entropy density, and hence the




What might be the value of ξ? The fractal distri-
bution of galaxies extends to about 10 Mpc, or 1058
Planck length units. The area of the bounding sphere
is thus on the order of 10116 area units. The entropy
content of the entire visible Universe is on the order
of 1090 [9], so even if a sizable fraction is represented
in this fractal distribution, this implies the “surface”
density is no greater than ξ ∼ 10−24 or so. The value
of the proportionality constant α thus is the key to
the inequality. Unless α is of exceedingly high order
of magnitude, though, it is unlikely that this bound
will ever be violated.
6.1 Entropy bounds for fractal dimen-
sions near 2
Although the observational evidence points to a frac-
tal scaling dimensions of DF = 2, this exact geomet-
ric signature could be a coincidence. If such is the
case, then the spherical entropy bound (8) will not be
scale invariant. However, implications of the bound
become even more interesting if one follows the pre-
scription for non-integer scaling dimensions around
DF = 2.






where χ is the “fractal number density” of the dis-
tribution. So, violations of the entropy bound will







If the fractal dimension is slightly higher than 2,
the bound will ultimately be violated for a large
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enough sphere. However, the relative radius of the
sphere will be much greater than in the case of ho-
mogeneity. In the case DF = 3, this reduces to the
violation derived in [5].
6.2 Transitions to homogeneity
Current experimental suggests that the fractal dis-
tribution of matter may transition to homogeneity at
large distances. In this case, the entropy density (7)
and scale-invariant entropy bound (8) are no longer
applicable, at least on a global scale.
In the simplest of cases, consider a spherical re-
gion of radius R (in flat space) in which the distribu-
tion of matter is fractal with DF = 2. Within this
region, the entropy constrain obeys that described
in Equation 7, i.e. SF(r) ∼ ξ′rDF . For separation
scales r > R, the distribution resembles a homoge-
neous one, and the total entropy is now described by
a volumetric distribution with density σ. At the tran-
sition scale r = R, these descriptions of entropy must
agree. That is, the total entropy within a sphere
of radius r = R should be SF(R) = SH(R), where
SF(R) ∼ ξ′R2 and SH ∼ σR3.
Potential violations of the holographic principle are
now re-introduced at scales r > R, as described by
Equation 5. However, the requirement of statistical
continuity in the description of the entropy places
strong constraints on the nature of the matter dis-
tributions at scales r < R. Specifically, this implies
ξ′ = σR. Therefore, the combination of the total
entropy in the Universe and the homogeneity scale
R explicitly determines the “density” of matter on
smaller scales. This gives new interpretation of R as
a type of critical parameter that marks some variety
of “phase transition” in the distribution of matter.
The exact “location” of the transition is currently
unknown. In addition to the references discussed
in Section 2, a recent analysis [46] has determined
that number of luminous red galaxies (LRGs) shows
a well-defined DF = 2 fractal behavior up to scale
lengths of at least 20 h−1 Mpc, and a smooth tran-
sition to homogeneity (DF = 3) beyond scales of
70 h−1 Mpc. Reference [47] confirms DF ∼ 2 frac-
tal clustering behavior to a scale of 40 Mpc, using
independent analysis techniques such as the nearest
neighbor probability density, the conditional density,
and the reduced two-point correlation function.
It should also be noted that a critical discussion
of the meaning of “transition to homogeneity” found
in [48] indicates that there could be two possible in-
terpretations of what it means to transition to homo-
geneity. This could be in terms of a trivial correlation
function at r = R (the usual transition boundary),
as well as a more long-range scale λ that could be
greater than the horizon distance. Regions measured
at scalesR < r < λ are not strictly homogeneous, but
rather are analogous to a fluid at the critical point.
6.3 Scale evolution and fractal holog-
raphy
There is ongoing debate as to whether or not the frac-
tal distribution of visible matter extends indefinitely
to beyond 1000 h−1 Mpc. If in fact the entire Uni-
verse is governed by the DF ∼ 2 fractal distribution,
the fractal holographic condition can place a bound
on its expansion rate.
For a sphere whose radius RH is the horizon dis-





with a(t) ∼ tp the scale factor of the Universe, p an




The left hand term in the inequality assumes that
the entropy scales volumetrically. Since σ is small, it
has been demonstrated that the inequality is satisfied
throughout the history of the Universe if p > 1/d.





The new constraint on the evolution parameter is
thus ξ′ < t2p, which is almost certainly always satis-
fied for an arbitrary choice of p.
7 Inclusion of dark matter
So far, the discussion of fractal holography has ex-
cluded dark matter. Clearly, and viable model for
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large scale structure must replicate more than the
visible matter distributions, but also the “invisible”
ones. Although the spatial structure of halo dark
matter density profiles can easily be inferred from
galaxy rotation curves, it is uncertain exactly what
the large scale distribution looks like.
Since dark matter is believed to make up well over
90% of the material content of the Universe, no cos-
mological model would be complete without paying
due attention to this mystery. Unfortunately, not
much is known about the actual form of the distri-
bution of dark matter in the Universe. The best
models we have for density distributions are those
of “small scale” dark matter halo structures derived
from galaxy rotation curves, which suggest density
profiles of the form ρDM ∼ r−2. More elaborate forms
have also been proposed, such as the NFW profile
[50].
Based on a simple inverse-square density profile for
dark matter, the authors of [52] have shown that a
fractal distribution of galaxies is not inconsistent with
a homogeneous distribution of all matter, by virtue
of the fact that the dark matter density profile is
the functional reciprocal of the galaxy number count.
The authors further note that this implies a different
fractal correlations for luminous matter (DF = 2)
and dark matter (DF = 3).
Numerical simulations of Λ−CDM cosmologies
suggest that dark matter halo profiles should roughly
echo that of the matter distribution in the Universe
[49]. In particular, a universal density profile derived
from N-body simulations has shown that dark matter
may cluster in a hierarchical fashion [55].
It has more recently been suggested that all bary-
onic matter can be distributed in an r2 fractal man-
ner, by appealing to alternative theories such as
Modified Field Theory [53]. Such a description
is consistent with both the Cosmological Principle,
as well as the Silk Effect [54], and can produce
a gravitationally-stable fractal clustering (the inter-
ested reader is referred to [53] for further details).
For simplicity, assume the density profile of dark
matter is hierarchical, according to the power law
ρDM ∼ r−γ . This implies that the number of objects
within a region of radius r is NDM ∼ r3−γ , which we
may associated with a fractal dimensionDDM = 3−γ.
The value of γ ranges depending on the literature
source, from γ = 1.5 [56] to γ = 2.1. − 2.5, thus
the corresponding fractal dimensions would range be-
tween DDM1.5 − 2.5. In this case, if DDM ≤ 2,
the holographic constraint behaves as with luminous
matter (and thus is potentially not violated).
8 Conclusions and future direc-
tions
The inspiration for cosmological holography rests in
the notion that quantum scale entropic physics can
be arbitrarily expanded to any stable gravitational
system. It is thus possible that such holographic con-
straints in the early Universe led to the formation and
non-homogeneous distribution of anisotropies. Fur-
thermore, the previous discussion suggests that the
link between holographic area bounds and fractal
DF = 2 scaling may be related. The galaxy number
counts can be directly related to the entropy content
by cosmological considerations like those discussed
herein.
This paper has not considered the holographic
bounds introduced in open and closed universes, but
there are several reasons for this omission. First, the
wealth of observational data suggests that the Uni-
verse is most likely flat. Secondly, while it is still pos-
sible to measure fractal dimensions in curved spaces
using geodesic radii (via methods such as correlation
analyses), the elegant geometric interpretation of the
fractal dimension (Equation 1) is not as easily real-
ized.
Thus the connection between information theory,
gravitation, and geometry is a common “theme” for
fractal large scale structure. At the very least, the ob-
served fractal distribution behavior of galaxies could
be understood to be a large scale bookend princi-
ple to holography. Redshift survey results provide
strong evidence that the number counts scale as an
area, but in order to verify a deeper connection future
analyses should also focus on the pre-factor of the
fractal relationship. Fractal clustering of large-scale
structure may well represent either a manifestation
of holographic entropy bounds, or the end result of
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a cosmological holography model, and future studies
should adopt such a re-interpretation to explore new
implications of the data.
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